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Abstrat
We onsider the interplay between superonduting oupling and dopant
impurity sattering of harge arriers in planar square lattie systems and
examine the physial onditions (doping level, temperature, loal symme-
try of oupling and sattering potentials) neessary in this model system
to obtain a d-wave superonduting order, like that observed in real doped
uprate HTSC materials. Using the Lifshitz model for the disorder intro-
dued into system by dopants, we analyze also the non-uniform struture
of suh d-wave parameter, inluding both its magnitude and phase vari-
ation. The results indiate that d-wave superondutivity turns possible
in a doped metal until it an be destroyed at too high doping levels.
PACS: 71.55.-i, 74.20.-z, 74.20.Fg, 74.62.Dh, 74.72.-h
1 Introdution
The studies of the eet of impurities and defets on superonduting (SC)
properties of metals (inluding SC alloys) began pratially as early as the BCS
theory had been built. In partiular, the lassial papers by Anderson [1℄ and by
Abrikosov and Gor'kov [2℄ indiated a substantial dierene between magneti
and non-magneti impurities in superondutors. If an addition of non-magneti
impurities has pratially no eet on the value of transition ritial temperature
Tc, the presene of spin at impurity atom (leading to the Kondo eet in a normal
metal) results in pair-breaking, that is, it transforms a singlet Cooper pair into
an unstable triplet and rapidly suppresses Tc. In all the known ases, the s-type,
or isotropi, SC order (apart from the heavy-fermion systems, where it pertains
∗
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to the p-type and Tc is extremely low) and, orrespondingly, the isotropi gap
near the Fermi level were onsidered.
The disovery of high-Tc superondutivity (HTSC) in opper oxides faed
the physiists to a number of problems whih still remain a hallenge for the
theory. Undoubtedly, this inludes the issue of HTSC mehanism, the strong
dependenies of many (both SC and normal) properties of opper oxides on
harge arriers onentration, speis of weakly doped systems (rst of all,
existene of a pseudogap at temperatures above Tc), formation of stripe stru-
tures, et. (see, e.g., the review artiles [3℄,[4℄,[5℄,[6℄). Suh a problem is also
presented by the impurity eet on SC properties of HTSC systems. These dier
from old or onventional superondutors not only in higher Tc and d-wave
anisotropy of the order parameter but also in the fat that here magneti and
non-magneti impurities hange their roles: the former are weak suppressors for
Tc [7℄, [8℄, while the latter (in partiular, Zn substituting Cu in uprate layers)
lead HTSC to a fast deay [7℄, [10℄, [11℄. Many aspets of impurity eets in
superondutors with anisotropi (inluding d-wave) pairing were already theo-
retially studied in Refs. [12℄,[13℄,[14℄,[15℄,[16℄,[17℄, using a range of models and
approximations. However, these (and many other) papers did not inlude one
of the most essential features of HTSC systems, the fat that they annot be
non-impure.
In other words, most of theoreti approahes to HTSC are based on the on-
ept, formulated and applied in the pioneering works [1℄,[2℄: one starts from an
ideal (2D or quasi-2D) metal with given Fermi energy εF, dened by the den-
sity of free arriers, and then onsider perturbation of independently existing
SC ondensate by some extrinsi (magneti or non-magneti) impurities. Their
ation, loal or global, aets the pre-formed and ondensed singlet pairs. Of
ourse, this formulation is reasonable but it laks an essential moment for the
ondutane in opper oxides: all the HTSC's are doped metals, where (like
the doped semiondutors) eah arrier is provided by insertion of a donor or
aeptor into the system. In its turn, this implies that HTSC's are intrinsi-
ally impure systems with an inherent disorder,
1
and the number of impurity
(foreign inluded) atoms an not be less than at least the number of harge
arriers. If one has in normal metals the ondition kFℓ≫ 1 (kF being the Fermi
momentum, and ℓ the arrier mean free path between ollisions with impurity
atoms) [18℄, it turns to kFℓ ∼ 1 in HTSC's, and they pertain to the family of
bad metals with both kF and ℓ dened by the doping.
Perhaps, the rst attempt to onsider in a self-onsistent way the hara-
teristi tendenies for HTSC, pairing of the arriers and their loalization on
impurity atoms, was made in the authors' work [19℄. It disussed the phase
diagram of doped 2D metal in presene of s-wave pairing and showed that SC
is not possible neither at low impurity onentration c < c0 ∼ ε0/W (when
all the arriers are loalized near impurities with loalization energies ε0 muh
less of the bandwidth W , so that c0 is typially few perents) nor at too high
1
Here we don't onsider possible formation of stripe strutures, where ordered or disordered
distribution of dopants an not be yet onrmed by any reliable data.
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c (when the pair inverse lifetime times h¯ exeeds the SC gap). There, in gen-
eral, the self-onsisteny is related either to the SC order parameter (like the
ommon Bardeen-Cooper-Shrieer or Bogolyubov-de Gennes treatments) and
to the hemial potential.
The present work is aimed to extend the approah by Ref. [19℄ to the ase
of d-wave SC oupling and to trae the formation of the orresponding order
parameter. It is motivated, not to the least degree, by an apparent ontroversy
between the experimental evidene for d-symmetry of the order parameter in
HTSC [20℄, [21℄, [22℄, and theoretial laim that anisotropi pairing should not
survive in presene of haotially distributed isotropi satterers [23℄. For the
sake of simpliity, we restrit the onsideration to the doping range c > c0,
where the self-onsisteny is only relevant for the SC order parameter, while the
hemial potential an be put
2 µ ≈ εF ≈ 3cW/4. Then, we distinguish between
two types of impurity eets by doping. The rst, the so alled homogeneous
eets, are displayed by translationally invariant single-partile Green funtions
(SPGF). They were studied earlier by various means [24℄ but, as a rule, intro-
duing the disorder through a single parameter VA of Anderson's model [24℄.
In ontrary, we employ the Lifshitz' model of disorder [25℄, haraterized by
two independent parameters: c and the impurity potential VL. They produe
an equivalent VA ∼
√
c (1− c)VL, but not vie versa. Within this model, more
adequate for doped HTSC systems, we onlude about persistene of d-wave or-
der parameter under homogeneous impurity eets. Also we expliitly onsider
other type of eets, inhomogeneous, due to loal variations of order parame-
ter near impurity enters. This involves two-partile Green funtions (TPGF),
besides usual SPGF, and yields in possible limitation for SC at high enough
dopant onentrations.
At least, we would like to appreiate this great honor and also a pleasant
opportunity for us to publish this work in the Low Temperature Physis issue
dediated to the memory of outstanding physiist L.V. Shubnikov, whose on-
tribution to the low temperature physis in general and to superondutivity in
partiular an not be overestimated.
2 Hamiltonian and Green funtions
We start from the model eletroni Hamiltonian in band representation
H =
∑
k
{∑
σ
εkc
†
k,σck,σ −
1
N
∑
k′
[
V γkγk′c
†
k,↑c
†
−k,↓c−k′,↓ck′,↑− (1)
−VL
∑
p,σ
ei(k
′−k)·pc†k′,σck,σ
]}
,
2
However, it is known that µ an dier essentially from the Fermi energy εF in the limit
of very low doping (see, e.g., [4℄, [6℄).
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where ck,σ and c
†
k,σare the Fermi operators for a harge arrier with wavevetor
k and spin σ. The simplest band energy εk = 4t− 2t (cos akx + cos aky), with
full bandwidth W = 8t, is expressed through the amplitude t of arrier hopping
between nearest neighbor sites
3
(of the total N in the lattie with a onstant
a). The parameter V models the attration between two arriers with opposite
spins on suh sites, the fator γk = (cos akx − cos aky) θ
(
ε2D − ξ2k
)
has the d-
wave symmetry and is eetive only for quasipartile energies ξk = εk − εF
smaller than the Debye energy εD. The latter is understood as a harateristi
energy of intermediate (Froelih) boson, and in what follows we suppose the
ondition εD < µ to hold and a BCS-shell to exist (the alternative µ < εD,
possible for underdoped HTSC systems, will be onsidered elsewhere). The
impurity perturbation VL expresses the shift of on-site eletroni energy on a
random dopant site p, where the negative sign takes an expliit aount of
arrier attration to the ionized dopant and, for simpliity, we onsider this
perturbation loalized on a single site. With usual BCS ansatz: c−k,↓ck,↑ =
〈c−k,↓ck,↑〉+ ϕk, and in neglet of quadrati terms in pair utuations ϕk, Eq.
1 leads to a bilinear form for H ′ = H − µN :
H ′ =
∑
k
[∑
σ
ξkc
†
k,σck,σ − (∆kc−k,↓ck,↑ + h.c.)− (2)
−VL
N
∑
p,k′,σ
e−i(k
′−k)·pc†k′,σck,σ
 .
Here the gap funtion is dened by the self-onsisteny relation
∆k =
V γk
N
∑
k′
γ
k′
〈ck′,↑c−k′,↓〉 , (3)
extending the ommon BCS gap equation to the d-wave ase. A non-uniform
system an be treated within the formalism used formerly for impurity problems
in SC [14℄,[19℄, passing to the Nambu spinors ψ†k =
(
c†k,↑, c−k,↓
)
and ψk, and
dening the Fourier transformed matrix Green funtion (GF)
Ĝk,k′ (ε) ≡≪ ψk|ψ†k′ ≫ε=
∫ 0
−∞
ei(ε−i0)t
〈{
ψk (t) , ψ
†
k′
}〉
dt. (4)
Here Â denotes a 2 × 2 matrix in Nambu indies, 〈. . .〉 is the quantum sta-
tistial average, and {a (t) , b (0)} the antiommutator of Heisenberg operators.
In the GF's below we omit their expliit dependene on energy ε but distin-
guish between their diagonal and non-diagonal forms in Nambu (N) and mo-
mentum (M) indies. Then, applying the Heisenberg equation of motion (EM)
ih¯∂ψk/∂t = [H
′, ψk] in Eq. 4, we arrive at the Dyson's type EM for SPGF's:
Ĝk,k′ = Ĝ
(0)
k
δk,k′ − Ĝ(0)k V̂
∑
p,k′′
ei(k−k
′′)·pĜk′′,k′ (5)
3
So, we do not take into aount next neighbor hoppings.
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where the non-perturbed SPGF Ĝ
(0)
k = (ε− ξkτ̂3 −∆kτ̂1 + i0)−1, and the sat-
tering matrix V̂ = VLτ̂3 inlude the Pauli matries τ̂i.
For a disordered system, the relevant (observable) harateristis are de-
sribed by the so-alled self-averaging GF's, whose values for all partiular real-
izations of disorder turn pratially non-random, equal to those averaged over
disorder [26℄. The most important example of suh a funtion is the M-diagonal
SPGF, Ĝk ≡ Ĝk,k.The general solution for Eq. 5 in this ase an be written
(see Appendix E) as
Ĝk =
{[
Ĝ
(0)
k
]−1
− Σ̂k
}−1
, (6)
where the self-energy matrix Σ̂k is given by the so-alled fully renormalized
group expansion (GE) [27℄, [28℄,[14℄,[19℄
Σ̂k = −cV̂
[
1 + ĜV̂
]−1
×
×
1 + c∑
n 6=0
[
Â0ne
−ik·n + Â0nÂn0
] [
1− Â0nÂn0
]−1
+ · · ·
 . (7)
Here the integrated SPGF matrix Ĝ = N−1
∑
k Ĝk, and the matries Â0n of
indiret interation between satterers at sites 0 and n are
Â0n = −V̂
∑
k′ 6=k
eik
′·nĜk′
[
1 + ĜV̂
]−1
. (8)
The retrition to k′ 6= k at single summation in Â0n should be omplemented
by k′′ 6= k,k′ at double summation in the produt Â0nÂn0, but suh restritions
an be already ignored in Â0nÂ0nÂn0 and higher degree terms [27℄, resulting
from expansion of the r.h.s. of Eq. 7.
Many observable harateristis of SC state follow from GF's, using the
spetral theorem representation
〈ab〉 =
∫ ∞
−∞
dε
eβ(ε−µ) + 1
Im≪ b|a≫ε, (9)
where the hemial potential µ is dened by the overall eletroni onentration
c =
1
N
∑
k
∫ ∞
−∞
dε
eβ(ε−µ) + 1
Im Trτ̂3Ĝk. (10)
On the other hand, c is just the onentration of dopant enters: c = N−1
∑
p 1,
whih give rise to arrier sattering, and the arrier onentration only gets lose
to (but never exeeds) c in the regime of doped metal, for c above a ertain met-
allization threshold c0 (for quasi-2D dispersed εk, it is c0 ∼ exp (−πW/4VL)≪ 1
[19℄). At this ondition, the self-onsisteny implied by Eq. 10 is not neessary,
5
and a good approximation
4
for hemial potential is µ ≈ 3cW/4 (see Appendix
A). Then the gap equation, Eq. 3, presents as
∆k =
V γk
2N
∑
k′
γ
k′
∫ ∞
−∞
dε
eβ(ε−µ) + 1
Im Trτ̂1Ĝk′ , (11)
and its solution disussed in Appendix C for the uniform ase (VL = 0) is simply
∆k = ∆γk, with the ratio r = 2∆/kBTc being e
1/3
times the s-wave BCS value
rBCS ≈ 3.52.
Another important self-averaging quantity is the integrated SPGF matrix Ĝ
itself, sine the density of states ρ (ε) is just
ρ (ε) =
1
π
Im TrĜ. (12)
For a non-perturbed system, VL → 0, Ĝ→ Ĝ(0) = N−1
∑
k Ĝ
(0)
k , and alulation
of the imaginary part of Ĝ(0) within the nodal point approximation (Appendix
B) leads to the standard d-wave density of states:
ρ (ε)→ ρ(0) (ε) = 1
π
Im TrĜ(0) =
2ερ0
∆
arcsin
[
min
(
1,
∆
ε
)]
, (13)
where ρ0 ≈ 4/(πW ) is the normal Fermi density of states of doped (quasi-2D)
metal. Respetively, the real part of Ĝ(0)is
ReĜ(0) = ερ0
[
W
µ (W − µ) −
π
∆
θ (∆− ε) arccosh∆
ε
]
. (14)
Then Eqs. 13 and 14 an be unied into a single analyti form:
Ĝ(0) = ερ0
[
W
µ (W − µ) −
π
∆
(
arccosh
∆
ε
− iπ
2
)]
, (15)
sine at ε > ∆ one has arccosh(∆/ε) = i[π/2 − arcsin(∆/ε)], thus restoring
Eq. 13. But it is just the growth of (real) arosh term at ε < ∆ that permits
existene of a low-energy (εres ≪ ∆) resonane feature in Re(1 + ĜV̂ )−1, and
hene in ρ (ε). Suh a resonane was formerly disussed for a d-wave SC with
low enough onentration c (so that Ĝ ≈ Ĝ(0)) of foreign impurities produing
strong enough perturbation VL [14℄, and it is similar to the known low-frequeny
resonane by heavy impurities in aousti phonon spetra [29℄. However, in the
situation of our interest here, when both VL and c are not small, Ĝ an be
essentially modied ompared to Ĝ(0) and this is expressed in a very ompliate
way by Eq. 7. To simplify the task, ertain self-onsistent proedures, like the
CPA method, quite useful in the theory of normal metals [30℄, an be employed.
Similar approah was formerly proposed for an s-wave SC doped system [19℄,
and here we begin with the analysis of a self-onsistent solution for Eq. 5 in the
d-wave ase.
4
This approximation is atually justied by the fat that for c > c0 the Fermi level εF
of metalli phase is well higher than the ondution band edge, and one an hardly suppose
existene of loal pairs and related inequality µ < εF at these onentrations. Therefore, in
what follows we do not distinguish between µ and εF.
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3 Uniform doping eets in self-onsistent ap-
proah
If the GE series, Eq. 7, is restrited to its rst term, the self-energy matrix Σ̂k
turns in fat independent of k:
Σ̂k → Σ̂ = −cV̂
[
1 + ĜV̂
]−1
, (16)
and substitution of Eq. 16 into Eq. 6 denes the self-onsistent approximation
Ĝ
(sc)
k for M-diagonal SPGF:
Ĝ
(sc)
k =
{[
Ĝ
(0)
k
]−1
− Σ̂(sc)
}−1
, (17)
Σ̂(sc) = −cV̂
[
1 + Ĝ(sc)V̂
]−1
, (18)
Ĝ(sc) =
1
N
∑
k
Ĝ
(sc)
k . (19)
To solve this system, we rst parametrize the self-energy matrix, Eq. 18:
Σ̂(sc) = Σ0 +Σ1τ̂1 +Σ3τ̂3, (20)
Σi being some omplex-valued funtions of energy. Then integration in Eq.19
within the nodal point approximation (Appendix D) results in
Ĝ(sc) = G0 +G1τ̂1 +G3τ̂3 (21)
with the oeients
G0 = (ε− Σ0) ρ0
[
− π
2∆
(
arccosh
∆ + Σ1
ε− Σ0 + arccosh
∆− Σ1
ε− Σ0 − iπ
)
+ (22)
+
W
µ (W − µ)
]
,
G1 = Σ1ρ0
− 2iπ√
(ε− Σ0)2 − (∆ + Σ1)2 +
√
(ε− Σ0)2 − (∆− Σ1)2
+ (23)
+
W
µ (W − µ)
]
,
G3 = ρ0
[
ln
µ
W − µ + 2Σ3
(ε− Σ0)2 −∆2/3− Σ21
ε3D
]
. (24)
7
Substituting Eq. 21 into Eq. 18, we arrive at
Σ̂(sc) =
cVL [VL (G0 +G1τ̂1)− (1 + VLG3) τ̂3]
(1 + VLG3)
2 − V 2L (G20 −G21)
. (25)
Comparing Eqs. 25, and 22, 23, 24 with Eq. 20, we immediately onlude
that Σ1 = G1 = 0, or that Σ̂
(sc)
is in fat N-diagonal, whih is extremely
important. Physially, this means that (within the self-onsistent, linear in c
approximation) the sattering by dopants does not inuene the d-wave order
parameter, and this an be diretly related to the fat that the s-symmetry of
impurity perturbation VL is orthogonal to the d-symmetry of SC pairing V . It
also applies to more realisti models of dopant perturbation in HTSC (e.g. with
plaquette- or dumbbell-like anisotropy [31℄), as far as their symmetries do not
oinide with that of the order parameter. Compliations arise when they do
oinide, as was found for isotropi perturbation on s-wave order with all three
Σi being non-zero [19℄, hene the apparently harder d-wave system turns in
fat easier!
Using the fat that Σ1 = 0 and the relation cosh(x + iπ/2) = sinx, Eq. 22
is brought to a very simple form:
∆
ε− Σ0 = sin
(
α− G0
πρ0
∆
ε− Σ0
)
, (26)
with α = W∆/[πµ (W − µ)] ≪ 1, while the same omparison for the two non-
zero omponents of Σ̂(sc): Σ0 and Σ3, gives:
Σ0
[
(1 + VLG3)
2 − V 2LG20
]
= cV 2LG0, (27)
Σ3
[
(1 + VLG3)
2 − V 2LG20
]
= −cVL (1 + VLG3) . (28)
From Eq. 28 we estimate |Σ3| ∼ cVL, hene within the relevant energy region
|ε| ≪ εD, the funtion G3 from Eq. 24 is reasonably well approximated by a
(negative) onstant g3 = ρ0 ln[µ/(W −µ)]. Then Eq. 27 turns quadrati for G0:
G20 +
c
Σ0
G0 −
(
1
V˜
)2
= 0, (29)
with V˜ = VL/(1 + VLg3) ≈ VL ln(1/c0)/ ln(3c/4c0). The system, Eqs. 26, 29,
fully denes the self-energy Σ0 and other uniform physial properties of a dis-
ordered d-wave system, and its solution an be found (in priniple numerially)
within the whole relevant energy range. It turns espeially simple if |Σ0| ≪ cV˜
(this proves to hold at least for ε ≪ εres), then the proper solution to Eq. 29
is: G0 ≈ Σ0/cV˜ 2, and from Eq. 26 we obtain the following equation for a single
important funtion Σ0:
∆
ε− Σ0 = sin
(
α− βΣ0
ε− Σ0
)
(30)
8
with β = ∆/[πcV˜ 2ρ0]≪ 1. It denes the self-onsistent density of states
ρ(sc) (ε) =
1
π
Im TrĜ(sc) (ε) =
2ImΣ0 (ε)
πcV˜ 2
, (31)
at lowest energies. This approah results free of infrared logarithmi divergen-
ies, appearing in the integrals of perturbation theory [32℄, and thus permits to
avoid applying heavy eld theory methods for white-noise sattering potential
[15℄, whose adequay to the ase of disrete random dopants is not lear.
The exat value of the density of states at the very enter of the gap, ρ (0) =
ρ (ε→ 0), is also of a partiular interest in view of the known laim about
existene of a non-zero universal value ρ (0) ∼ c/ ln(1/c) if VL is suiently
strong [12℄, [17℄. However, we onlude from Eq. 30 that in the limit ε→ 0:
Σ0 → ε
[
1 + i
β
ln (2∆/β|ε|)
]
,
and hene the self-onsistent density of states at ε→ 0:
ρ(sc) (ε)→ 4β
2ρ(0) (ε)
π ln (2∆/β|ε|) , (32)
vanishes even faster then the non-perturbed funtion ρ(0) (ε), Eq. 13. This
produes a ertain narrow quasi-gap (not to be onfused with the pseudo-
gap observed at T > Tc in the underdoped regime) around the enter. For
omparison, the estimated ρ (ε) from the two rst terms of Eq. 7 tends to zero
linearly in ε with orretions ∼ ε2 [14℄, while the eld-theoretial analysis [15℄
predits ρ (ε) → εω, with the non-universal exponent being (in our notations)
ω = tanh ln
√
π2∆W/2cV 2L , that is always < 1 and even not exluding < 0.
The disrepany between our results and the before mentioned universal
behavior originates in the improper use of unitary limit VL → ∞ at neglet
of the 1 + VLG3 term in Eq. 27, leading to the relation Σ0 = −c/G0. But
the true limiting relation is inverse: Σ0 = cV˜
2G0, with V˜ nite for VL → ∞,
and also the unitary limit fails at any
5
nite VL when ε → 0. Finally, the
existing experimental data do not onrm the universal ρ (0) value, but seem
to favor the onlusion about existene of a strong low-energy resonane in
ρ (ε) [11℄, with possible quasi-gap at the very enter [33℄, though experimental
observations at suh low energies of ourse need extremely low temperatures.
Note however that the self-onsistent treatment of the low-energy resonane,
at εres ∼ ∆ ln(3c/4c0)/(π ln 2π) for the ase of own impurities (Fig. ??),
requires already solution of the full system, Eqs. 26, 29, and, in view of a
probable underestimate of this hump (like that in normal systems [28℄,[30℄), it
should be better desribed by the exat GE, Eq. 7.
The obtained Σ̂(sc) an be in priniple diretly inserted in Eq. 17, in order
to use the resulting Ĝ
(sc)
k for orretion of the gap equation, Eq. 11. However,
at important there quasipartile energies ξk ∼ εD, renormalization eets are
negligible, and thus ∆ remains well approximated by the result of Appendix C.
5
Unless the speial ase 1/V˜ = 0 orresponding to c ≈ 4c0/3, while the atual onsideration
is for c≫ c0.
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4 Non-uniform eets
The SPGF's, onsidered in the previous setion, desribe the uniform self-
averaging harateristis of SC state. The next important question is the be-
havior of utuations of the order parameter (both its amplitude and phase)
in an inhomogeneous system, whih should be losely related to the breakdown
of superondutivity in the overdoped regime. A strong loal suppression of
d-wave order lose to a single foreign impurity was predited theoretially [14℄
and observed experimentally [11℄. In the general ase of nite onentration of
satterers, the loal d-wave order an be haraterized by the operator
Ωn =
V
N
∑
k,k′
γke
i(k−k′)·nc−k,↓ck′,↑, (33)
suh that its mean value (generally omplex) denes the uniform gap parameter:
N−1
∑
n 〈Ωn〉 = N−1
∑
k γk∆k = ∆ [14℄. On the other hand, it is natural to
haraterize loal utuations of order parameter by the mean squared disper-
sion of Ωn (identied with the dispersion of gap parameter):
δ2 =
1
N
∑
n
(〈
Ω2n
〉− 〈Ωn〉2) . (34)
Using Eq. 33, we write
δ2 =
V 2
N3
∑
n
∑
k1,k2,k3,k4
ei(k1+k2−k3−k4)·nγk1γk2 [〈c−k1,↓ck3,↑c−k2,↓ck4,↑〉− ,
(35)
−〈c−k1,↓ck3,↑〉 〈c−k2,↓ck4,↑〉] ,
or, summing up in n to lose the sum of 4 momenta, and using the spetral
representation, Eq. 9, for T = 0:
δ2 =
V 2
N2
∑
k1,k2,q
γk1γk2
[∫ ∞
0
dεIm≪ c−k1,↓ck2,↑|c−k2+q,↓ck1−q,↑ ≫ − (36)
−
∫ ∞
0
dεIm≪ c−k1,↓|ck2,↑ ≫
∫ ∞
0
dεIm≪ c−k2+q,↓|ck1−q,↑ ≫
]
.
Here, besides the before used SPGF's, the TPGF≪ c−k1,↓ck2,↑|c−k2+q,↓ck1−q,↑ ≫
appears. An expliit alulation of this funtion for non-perturbed (VL = 0) SC
system (see Appendix E) gives the following result
≪ c−k1,↓ck2,↑|c−k2+q,↓ck1−q,↑ ≫= δ0,q
(4ε∆k1∆k2 + · · ·)(
ε2 − E2k1 − E2k2
)2 − 4E2k1E2k2 . (37)
Here E2k = ξ
2
k+∆
2
k, and three other terms in numerator are not mutually odd in
γk1 and γk2 and thus do not ontribute into δ
2
. Then, it is easy to see that the
10
resulting ontribution into Eq. 36 from M-diagonal (q = 0) and N-non-diagonal
TPGF's by Eq. 37 exatly anels with that from SPGF's, whih onrms
uniformity of d-wave order in this ase. The most important ontribution to δ2
at VL 6= 0 omes from two onseutive sattering proesses in the l.h.s. of an
N- and M-non-diagonal (q 6= 0) TPGF, rst c−k1,↓ck2,↑ → c−k1+q,↓ck2,↑ and
then c−k1+q,↓ck2,↑ → c−k1+q,↓ck2−q,↑ (or vie versa, Fig. ??), on the same
sattering enter p. It is linear in c, while the ontribution from SPGF's in
this order, −2∆V ∫∞
0
dεIm Trτ̂1Σ̂, is zero, aordingly to N-diagonal form of Σ̂
established in previous Setion. Hene we generally estimate the gap dispersion
to grow with c as |δ| = ∆
√
c/c1, where c1 ∼ (V/VL)2 denes the upper ritial
onentration for SC at T = 0.
A more detailed analysis, resolving amplitude and phase utuations, an
be done in a similar way, but onsidering separately two operators:
Ωn,+ =
Ωn + Ω
+
n
2
, and Ωn,− =
Ωn − Ω+n
2i
,
suh that their mean values 〈Ωn,±〉 lead to real and imaginary parts of the order
parameter, and onstruting the orresponding dispersions:
δ2± =
1
N
∑
n
(〈
Ω2n,±
〉− 〈Ωn,±〉2) .
This approah should be partiularly important at extension of the theory to
nite temperatures, in order to establish the dominating type of utuations
due to the stati disorder, responible for breakdown of SC order at T = Tc,
and its possible role in the persistene of a pseudogap in the density of states ρ
at T > Tc.
5 Conlusions
The above presented analysis shows that the disordered struture of doped
HTSC systems is ruial for many of their harateristi properties and for
existene of SC order itself. The interplay between doping and disorder eets
an be briey resumed as follows. Superondutivity onsets with the metalliza-
tion of the system, at ritial onentration c ∼ c0 resulted from the ompetition
between kineti energy of harge arriers in regular lattie and their attration
to random dopant enters. The uniform d-wave order parameter ∆ develops
with growing number of harge arriers as ∆ ∼ √c [6℄ and saturates at ertain
optimum doping copt ∼ εD/W , when the relation µ > εD beomes to hold. With
further growing c, the inreasing loal utuations of ∆ bring it to ollapse at
some upper ritial onentration c1 ∼ (V/VL)2, resulted from the ompeti-
tion between pairing and sattering potentials. This piture is quantitatively
satised with a very natural hoie of parameters W ∼ 2 eV, VL ∼ 0.5 eV,
V ∼ 0.22 eV, εD ∼ 0.2 eV, giving plausible estimates: c0 ∼ 5%, copt ∼ 15%,
Tc,max ∼ 100K, c1 ∼ 20%. The forthoming work should also speify suh im-
portant moments, left beyond the sope of this onsideration, as the disorder
11
eets on the usp of density of states ρ (ε) at ε = ∆, the mathing onditions
between the self-onsistent and GE desriptions of SPGF, the exat numerial
oeient for the ritial value c1, et. And, of ourse, it is of prinipal interest
to extend the present self-onsistent treatment to the ase of nite temperatures
up to Tc, in order to obtain a quantitative estimate for the bell-like Tc(c) shape,
and further to T > Tc, to study the role of doping disorder vs d-wave SC ou-
pling in the formation and subsequent merging (at c ∼ copt) of the pseudogap
in normal density of states.
This work was supported in parts by Portuguese Program PRAXIS XXI
under the Grant 2/2.1/FIS/302/94, by NATO Program OUTREACH under
the Grant CP/UN/19/C/2000/PO, and by Swiss National Siene Foundation
(SCOPES Projet 7UKPJ062150.00/1). One of us (V.M.L.) expresses his grat-
itude for a warm hospitality he felt at visiting Centro de Físia do Porto.
6 Appendix A
For the normal phase, we onsider the dispersion law εk = 4t−2t (cos akx + cos aky)
and relate the dopant onentration c to the number (per unit ell) of oupied
states below µ:
c =
2a2
(2π)
2
∫
εk≤µ
dk =
2a2
π2
∫ arccos(1−4µ/W )
0
dkx
∫ arccos(2−4µ/W−cos akx)
0
dky =
(38)
=
2
π2
∫ 1
1−4µ/W
du√
1− u2
∫ 1
2−4µ/W−u
dv√
1− v2 =
2
π2
F
(
4µ
W
)
.
Here the dependene of the integral
F (x) =
∫ 1
1−x
arccos (2− x− u)du√
1− u2
is very well approximated by a simple linear funtion F (x) ≈ 5x/3 in the
whole physially important range 0 ≤ x = 4µ/W ≤ xmax (where xmax ≈ 0.6
orresponds to µmax ≈ 0.15W at maximum physial doping cmax ≈ 0.2). Then
we readily arrive at the estimate
µ ≈ 3π
2
40
cW ≈ 3cW
4
,
ited above.
7 Appendix B
For the uniform SC system with d-wave gap, we perform integration over the
Brillouin zone with the parametrization: k−ki = a−1(ρ0ξei+∆−1ηei×ez), ei =
12
(±1/√2,±1/√2, 0), ez = (0, 0, 1), near 4 nodal points ki = arccos (1− µ/W ) ei
of the gap funtion ∆k = ∆γ
(d)
k . This integration for Ĝ
(0)
turns into
Ĝ(0) =
1
N
∑
k
Ĝ
(0)
k = ρ0
[
1
2∆
∫ ∆
−∆
dη
∫ εD
−εD
dξĝ (ε, ξ, η)+ (39)
+
∫ −εD
−µ
dξĝ (ε, ξ, 0) +
∫ W−µ
εD
dξĝ (ε, ξ, 0)
]
,
where we have dened the matrix funtion
ĝ (ε, ξ, η) = (ε− ξτ̂3 − ητ̂1)−1 = ε+ ξτ̂3 + ητ̂1
ε2 − ξ2 − η2 .
The integration in ξ (normal to the Fermi surfae) in Eq. 39 treats the BCS shell,
[−εD, εD], separately from the out-of-shell segments, [−µ,−εD] and [εD,W −µ],
where the gap parameter ∆ turns zero (together with γk) and no integration in
η = ∆γk is needed. Eq. 39 permits to dene expliitly the oeient funtions
gi in the general form Ĝ
(0) = g0+ g1τ̂1+ g3τ̂3. Let us denote z
2 = ε2− η2, then
the shell ontribution to g0 result from the integral:∫ εD
−εD
dξ
z2 − ξ2 =
2
z
(
arctanh
z
εD
+ iπ
)
≈ 2
εD
+
2iπ
z
, (40)
whih is followed for its last term by:∫ ∆
−∆
dη√
ε2 − η2 = 2arccos
∆
ε
. (41)
The out-of-shell ontributions are:∫ −εD
−µ
dξ
ε2 − ξ2 =
1
ε
(
arctanh
ε
µ
− arctanh ε
εD
)
≈ 1
µ
− 1
εD
(42)
and ∫ W−µ
εD
dξ
ε2 − ξ2 ≈
1
W − µ −
1
εD
. (43)
To nd g1 and g3, we use the evident equalities∫ εD
−εD
ξdξ
z2 − ξ2 =
∫ 1
−1
ηdη = 0,
and:
∫ −εD
−µ
ξdξ
ε2 − ξ2 +
∫ W−µ
εD
ξdξ
ε2 − ξ2 =
1
2
ln
µ2 − ε2
(W − µ)2 − ε2 ≈ ln
µ
W − µ. (44)
Summing up Eqs. 40-44, we obtain
g0 = ερ0
[
W
µ (W − µ) −
π
∆
(
arccosh
∆
ε
− iπ
2
)]
in aordane with Eq. 15, g1 = 0, and g3 = ρ0 ln[µ/(W − µ)].
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8 Appendix C
The gap equation, Eq. 11, for uniform (VL = 0) d-wave system at T = 0
transforms into:
1
λ
=
16
π∆3
Im
∫ ∆
0
η2dη
∫ εD
0
dξ
∫ ∞
0
dε
ε2 − ξ2 − η2 − i0 , (45)
with λ = V ρ0. The sought quantity is the gap amplitude ∆. On the r.h.s. of Eq.
45 we perform the elementary integration in ε, using the relation Im (x− i0)−1 =
πδ (x):
16
π
Im
∫ ∆
0
η2dη
∫ εD
0
dξ
∫ ∞
0
dε
ε2 − ξ2 − η2 − i0 = (46)
= 8
∫ ∆
0
η2dη
∫ εD
0
dξ√
ξ2 + η2
Then, integrating out in ξ and passing from η to y = h¯ωD/η, we present Eq. 46
as
8
(εD
∆
)3 ∫ ∞
εD
∆
arcsinhy dy
y4
=
8
3
arcsinh
εD
∆
+ 4
εD
√
ε2D +∆
2
3∆2
−4
3
(εD
∆
)3
arcsinh
∆
εD
≈ 8
3
(
ln
2εD
∆
+
1
3
)
.
The equation for ritial temperature Tc, orresponding to ∆ = 0, reads in this
ase
1
λ
=
16
3π
Im
∫ εD
0
dξ tanh
(
ξ
2kBTc
)∫ ∞
0
dε
ε2 − ξ2 − i0 ≈
8
3
ln
(
2γEεD
πkBTc
)
,
with the Euler onstant γE ≈ 1.781. Hene for the d-wave ase the eetive
oupling onstant is λ˜ = 8λ/3, that is 8/3 times the Hamiltonian value λ,
whih an serve as one more explanation for high Tc itself. Also, the ratio
r = 2∆/kBTc results here exp (1/3) times the ommon s-wave BCS value rs =
2π/γE ≈ 3.52, reahing as high value as rd ≈ 4.92. In its turn, this means
that, for equal other onditions (say, ρ0 and V ), s-ondensate turns out more
stable to thermal utuations and requires a higher Tc to destroy it than d-
ondensate. Of ourse, this is diretly related to the absene of gap in the latter
ase, permitting quasi-partiles to exist at any T < Tc.
9 Appendix D
Calulation of the self-onsistent SPGF Ĝ(sc) = G0 + G1τ̂1 + G3τ̂3 generalizes
the sheme of Appendix B:
14
Ĝ(sc) =
1
N
∑
k
Ĝ
(sc)
k = ρ0
[
1
2∆
∫ ∆
−∆
dη
∫ εD
−εD
dξĝ (ε− Σ0, ξ +Σ3, η +Σ1)+
(47)
+
∫ −εD
−µ
dξĝ (ε− Σ0, ξ +Σ3,Σ1) +
∫ W−µ
εD
dξĝ (ε− Σ0, ξ +Σ3,Σ1)
]
.
Next we set z2 = (ε − Σ0)2 − (η + Σ1)2 and z = r + iγ, and pass from ξ to
x = ξ + Σ3, where Σ3 an be taken real (as seen e.g. from the nal result Eq.
28). Then the analogue to Eq. 40 is:∫ εD+Σ3
−εD+Σ3
dx
z2 − x2 =
1
2z
×
×
12 ln
[
(εD +Σ3 + r)
2 + γ2
] [
(εD − Σ3 + r)2 + γ2
]
[
(εD − Σ3 − r)2 + γ2
] [
(εD +Σ3 − r)2 + γ2
]−
+i
[
arctan
εD +Σ3 + r
γ
+ arctan
εD +Σ3 − r
γ
+
+arctan
εD − Σ3 + r
γ
+ arctan
εD − Σ3 − r
γ
]}
≈
≈ 2
εD
− iπ + 2γ/εD
z
, (48)
where the small term 2γ/εD an be safely dropped. The next integration, in
y = η +Σ1, is done only on iπ/z term aordingly to:∫ ∆+Σ1
−∆+Σ1
dy√
(ε− Σ0)2 − y2
= arccos
∆ + Σ1
ε− Σ0 + arccos
∆− Σ1
ε− Σ0 , (49)
whih is relevant for G0, supplemented with∫ ∆+Σ1
−∆+Σ1
ydy√
(ε− Σ0)2 − y2
=
= − 4∆Σ1√
(ε− Σ0)2 − (∆ + Σ1)2 +
√
(ε− Σ0)2 − (∆− Σ1)2
(50)
forG1. The out-of-shell integration of the mentioned omponents is muh easier,
giving:∫ µ−Σ3
εD−Σ3
dx
(ε− Σ0)2 − x2 =
1
ε− Σ0
(
arctanh
ε− Σ0
µ− Σ3 − arctanh
ε− Σ0
εD − Σ3
)
≈
15
≈ 1
µ− Σ3 −
1
εD − Σ3 , (51)
and ∫ W−µ−Σ3
εD−Σ3
dx
(ε− Σ0)2 − x2 ≈
1
W − µ− Σ3 −
1
εD − Σ3 . (52)
Here also Σ3 an be disregarded beside W,µ, εD, then the two −1/εD terms
anel out with that from Eq. 48. Now, ombining Eqs. 48-52, we obtain
G0 = (ε− Σ0)ρ0
[
W
µ (W − µ)−
π
2∆
(
arccosh
∆ + Σ1
ε− Σ0 + arccosh
∆− Σ1
ε− Σ0 − iπ
)]
, (53)
and
G1 = Σ1ρ0
 W
µ (W − µ) −
2iπ√
(ε− Σ0)2 − (∆ + Σ1)2 +
√
(ε− Σ0)2 − (∆− Σ1)2
 .
At least, G3 is obtained after∫ εD+Σ3
−εD+Σ3
xdx
z2 − x2 =
1
2
ln
(εD − Σ3)2 − z2
(εD +Σ3)
2 − z2 ,∫ W−µ+Σ3
εD+Σ3
xdx
z2 − x2 =
1
2
ln
(εD +Σ3)
2 − z2
(W − µ+Σ3)2 − z2
,
∫ −εD+Σ3
−µ+Σ3
xdx
z2 − x2 =
1
2
ln
(µ− Σ3)2 − z2
(εD − Σ3)2 − z2
,
1
2∆
∫ ∆+Σ1
−∆+Σ1
y2dy =
∆2
3
+ Σ21,
in the form
G3 = ρ0
{
ln
µ
W − µ + 2Σ3
(ε− σ0)2 −∆2/3− Σ21
ε3D
}
. (54)
10 Appendix E
Searh for solutions of Eq. 5 in the form of GE onsists in onseutive itera-
tions of its r.h.s., separating systematially the GF's already present in previous
iterations [27℄. Let us start from M-diagonal SPGF Ĝk, than the iteration se-
quene begins with singling out the sattering term with Ĝk itself from those
with Ĝk′,k, k
′ 6= k:
Ĝk = Ĝ
(0)
k + Ĝ
(0)
k
1
N
∑
k′,p
ei(k−k
′)·pV̂ Ĝk′,k =
16
= Ĝ
(0)
k + cĜ
(0)
k V̂ Ĝk + Ĝ
(0)
k V̂
1
N
∑
k′ 6=k,p
ei(k−k
′)·pĜk′,k. (55)
Then for eah Ĝk′,k we write down again Eq. 5 and separate the sattering
terms with Ĝk and Ĝk′,k in its r.h.s:
Ĝk′,k = Ĝ
(0)
k′ V̂
1
N
∑
k′′,p′
ei(k
′−k′′)·pĜk′′,k =
= cĜ
(0)
k′ V̂ Ĝk′,k + Ĝ
(0)
k′ V̂
1
N
ei(k
′−k)·pĜk + Ĝ
(0)
k′ V̂
1
N
∑
p′ 6=p
ei(k
′−k)·p′Ĝk+
+ Ĝ
(0)
k′ V̂
1
N
∑
k′′ 6=k,k′;p′
ei(k
′−k′′)·p′Ĝk′′,k. (56)
Note that the p′ = p term whih gives the phase fator ei(k
′−k)·p
in the r.h.s. of
Eq. 56, oherent to that already gured in the last sum in Eq. 55, is expliitly
separated from inoherent ones, ei(k
′−k)·p′
, p′ 6= p (but there will be no suh
separation when doing 1st iteration of Eq. 5 for M-non-diagonal SPGF Ĝk′,k
itself). Continuing the sequene, we shall expliitly ollet the terms with the
initial funtion Ĝk, resulted from: i) all multiple satterings on the same site p
and ii) on the same pair of sites p and p′ 6= p. Then summing of i) in p produes
the rst term of GE, and, if the pair proesses are negleted, it will oinide with
the well known CPA result [30℄. The seond term of GE, obtained by summing
of ii) in p,p′ 6= p, ontains interation matries Âp′,p generated by multiply
sattered funtions Ĝk′,k, k
′ 6= k, et., (inluding their own renormalization).
For instane, the iteration for a funtion Ĝk′′,k with k
′′ 6= k,k′ in the last term
in Eq. 56 will give:
Ĝk′′,k = Ĝ
(0)
k′′ V̂
1
N
∑
k′′′,p′′
ei(k
′′−k′′′)·p′′Ĝk′′′,k =
= Ĝ
(0)
k′′ V̂
1
N
ei(k
′′−k)·pĜk + Ĝ
(0)
k′′ V̂
1
N
ei(k
′′−k)·p′Ĝk+
+ terms with Ĝk′,k and Ĝk′′,k + terms with Ĝk′′′,k (k
′′′ 6= k,k′,k′′). (57)
Consequently, the GE for Ĝk obtains the form given by Eq. 6.
Now turn to TPGF ≪ c−k1,↓ck2,↑|c−k2+q,↓ck1−q,↑ ≫, beginning from EM's
in absene of sattering whih develop into a 4× 4 matrix form:
B̂ (ξ1, ξ2,∆1,∆2) f = δ0,qd, (58)
B̂ (ξ1, ξ2,∆1,∆2) =

ε− ξ1 − ξ2 ∆1 ∆2 0
∆1 ε+ ξ1 − ξ2 0 ∆2
∆2 0 ε− ξ1 + ξ2 ∆1
0 ∆2 ∆1 ε+ ξ1 + ξ2
 ,
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with 4-vetors:
f =

≪ c−k1,↓ck2,↑|c−k2+q,↓ck1−q,↑ ≫
≪ c+k1,↑ck2,↑|c−k2+q,↓ck1−q,↑ ≫
≪ c−k1,↓c+−k2,↓|c−k2+q,↓ck1−q,↑ ≫
≪ c+k1,↑c+−k2,↓|c−k2+q,↓ck1−q,↑ ≫
 , d =

2∆1∆2
∆1
∆2
2
 ,
and ξ1 ≡ ξk1 , ξ2 ≡ ξk2 , ∆1 ≡ ∆k1 , ∆2 ≡ ∆k2 . The solution to Eq. 58: f =
δ0,qB̂
−1 (ξ1, ξ2,∆1,∆2) d, gives just the result of Eq. 37 for the 1st omponent
of f .
In presene of sattering, we onsider only the M-non-diagonal (q 6= 0) ase,
then Eq. 58 turns into:
B̂ (ξ1, ξ2,∆1,∆2) f = − 1
N
∑
p
(
e−iq·pÂ1f
′
1 + e
iq·pÂ2f
′
2
)
, (59)
where the vetors of single sattered TPGF's are
f ′1 =

≪ c−k1+q,↓ck2,↑|c−k2+q,↓ck1−q,↑ ≫
≪ c+k1−q,↑ck2,↑|c−k2+q,↓ck1−q,↑ ≫
≪ c−k1+q,↓c+−k2,↓|c−k2+q,↓ck1−q,↑ ≫
≪ c+k1−q,↑c+−k2,↓|c−k2+q,↓ck1−q,↑ ≫
 ,
f ′2 =

≪ c−k1,↓ck2−q,↑|c−k2+q,↓ck1−q,↑ ≫
≪ c+k1,↑ck2−q,↑|c−k2+q,↓ck1−q,↑ ≫
≪ c−k1,↓c+−k2+q,↓|c−k2+q,↓ck1−q,↑ ≫
≪ c+k1,↑c+−k2+q,↓|c−k2+q,↓ck1−q,↑ ≫
 ,
and the 4× 4 matries:
Â1 =
(
V̂ 0
0 V̂
)
, Â2 =
(
V̂ τ̂3 0
0 −V̂ τ̂3
)
.
Next, EM's for f ′1,2:
B̂ (ξ′1, ξ2,∆
′
1,∆2) f
′
1 = −
1
N
e−iq·pÂ1f
′′, (60)
B̂ (ξ1, ξ
′
2,∆1,∆
′
2) f
′
2 = −
1
N
e−iq·pÂ2f
′′,
with ξ′1 ≡ ξk1−q, ξ′2 ≡ ξk2−q, ∆′1 ≡ ∆k1−q, ∆′2 ≡ ∆k2−q, ontain the double
sattered TPGF f ′′ ≡≪ c−k1+q,↓ck2−q,↑|c−k2+q,↓ck1−q,↑ ≫, whih is already
M-diagonal and hene an be taken just in the form of Eq. 37. Finally, the
solution
f = B̂−1 (ξ1, ξ2,∆1,∆2)
{
δ0,q +
c
N
[
Â1B̂
−1 (ξ′1, ξ2,∆
′
1,∆2) Â1+ (61)
+Â2B̂
−1 (ξ1, ξ
′
2,∆1,∆
′
2) Â2
]
B̂−1 (ξ′1, ξ
′
2,∆
′
1,∆
′
2)
}
d,
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denes the ontribution ∼ c(VL∆/V )2 into δ2, Eq. 36, the fator ∆2 being due
to ∆1,∆2-odd terms from B̂
−1 (ξ1, ξ2,∆1,∆2) and 1/V
2
due to dominating,
zeroth order in ∆1,∆2, terms from B̂
−1 (ξ′1, ξ2,∆
′
1,∆2) B̂
−1 (ξ′1, ξ
′
2,∆
′
1,∆
′
2) and
B̂−1 (ξ1, ξ
′
2,∆1,∆
′
2) B̂
−1 (ξ′1, ξ
′
2,∆
′
1,∆
′
2).
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Figure 1: Density of states in a d-wave SC system (heavy solid line). Thin
solid line shows the non-perturbed 
(0)
("), arrow indiates the solution for
Re[(1 + V
L
G
3
)
2
  V
2
L
G
2
0
℄ = 0 orresponding to the low-energy resonane (other
solution at "   is not resonant) at the hoie of parameters W = 2 eV,
V
L
= 0:5 eV,  = 0:1.
1
Figure 2: Shemati of onseutive sattering proesses (see Appendix E), bring-
ing an M-non-diagonal TPGF f , through intermediate, partly M-diagonal f
0
1
and f
0
2
, to fully M-diagonal f
00
: solid vetors standing for l.h.s. operators get
fully nested with dashed vetors for r.h.s.
2
